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Abstract 

We inquire whether a resolution to the electroweak hierarchy problem could reside in sym- 
metries that relate the bosonic Weinberg-Salam Lagrangian with a higher dimensional gen- 
erally covariant theory. For this we consider a three-brane that moves under the influence 
of a seven dimensional pure Hilbert Einstein-like generally covariant theory. We introduce 
a change of variables that combines the conformal scale of the metric tensor with the brane 
fluctuations, so that the conformal scale becomes the modulus and the fluctuations become 
the angular field degrees of freedom of a polarly decomposed Higgs. When we assume 
that the four dimensional space-time background of the generally covariant theory is locally 
conformally flat and that the internal space is a squashed three-sphere, we arrive at one 
massless and three massive vector fields akin those in the Weinberg-Salam model and re- 
cover all the familiar ingredients of the symmetry broken bosonic Weinberg-Salam model, 
except that there is no bare Higgs mass. The Higgs mass is subject to dimensional censor- 
ship, its presence is forbidden by general covariance. This proposes that a resolution to the 
electroweak hierarchy problem might well reside in higher dimensions, in a Ward-Takahashi 
like identities for general covariance that relate a non-vanishing Higgs mass to dynamical 
breaking of general covariance. Moreover, the two electroweak gauge couplings are both 
determined by the squashing parameter of the internal three sphere and when we impose 
the condition that the vector boson masses must be in line with custodial symmetry we 
arrive at the classical level to the Weinberg angle sin^Ow ~ 0.296. 
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I. INTRODUCTION 



Experiments at LHC should soon expose the Higgs particle and reveal the mech- 
anism of the electroweak symmetry breaking. Eventually LHC should also allow us 
to scrutinize the fine details of the Higgs sector and give some hints how Physics 
behaves at even higher energy scales. A Big Issue is the inherent instability of the 
mass of the standard electroweak Higgs. In the Weinberg-Salam model the natural 



thus 



value of the Higgs mass is proportional to the cut-off scale of the theory 
a delicate fine-tuning becomes necessary in order for it to attain realistic values 
As a consequence the predominant point of view is that the Weinberg-Salam model 
is an effective low energy theory, valid only to a scale no higher than a few TeV. 
Several approaches are pursued to resolve this electroweak hierarchy problem. These 
include supersymmetric theories I4J, little Higgs models jsl], extra dimensions and 
many others. 

In the present article we shall explore (perhaps) new ways to address the elec- 
troweak hierarchy problem. We search for a resolution from such symmetries of the 
Weinberg-Salam Lagrangian that have a higher dimensional origin and interpretation. 
Our modus operandi is the Kaluza-Klein approach Q], IsJ. But instead of attempt- 
ing to formulate the electroweak theory in a higher dimensional space-time as in a 
conventional Kaluza-Klein approach, we restrict our attention to symmetry struc- 
tures in the four dimensional electroweak theory that allow for a higher dimensional 
Kaluza-Klein interpretation: The conventional Kaluza-Klein approach leads to still 



unresolved problems in particular in the fermionic sector {q], and for this reason we 
prefer not to start from any a priori prescribed higher dimensional theory. In our 
view, the question whether we live in a higher dimensional space-time or not remains 
a rather interpretational and maybe even philosophical one. A resolution may well 
be in a hybrid picture where bosonic variables fluctuate into higher dimensions while 
fermions are constrained into four, if indeed a higher dimensional interpretation that 
goes beyond pure symmetry considerations turns out to have some real advantages. 



Our point of view is rather pragmatic and of diagnostic nature: We inquire what 
is a minimal amount of higher dimensional structure present in the Weinberg-Salam 
model that we need to look into, in order to properly address and hopefully resolve 
the electroweak hierarchy problem in the limited context of the four dimensional 
bosonic Weinberg-Salam Lagrangian. For this we consider a mathematical construct, 
that combines a four-dimensional space-time manifold M4 with some hypothetical 
higher dimensional internal manifold. It appears likely that whatever the structure 
of the internal manifold, it should somehow relate to the squashed three-sphere since 
on a squashed three-sphere^ the commutators of Killing vectors coincide with the Lie 
algebra of SU{2) x f/(l) [7]. Consequently we think it is reasonable to assume that 
any approach to electroweak interactions that involves higher dimensions, somehow 
relates to the structure of a squashed three sphere, and thus we take it to be our 
internal manifold. 

In our higher dimensional construct, we then bring in a generally covariant theory 
with an action similar to that of pure Einstein gravity (even though we make no claims 
that the theory has anything to do with gravity - our focus is on general covariance 
and the "gravity" is simply a mathematical construct to realize it). We inspect 
its symmetry structure in a background that is determined by a suitably chosen 
metric tensor that we subject to a Kaluza-Klein dimensional reduction onto massless 
modes. Since we are only interested in how symmetries with a higher dimensional 
interpretation act on the field content of the Weinberg-Salam model, we can safely 
ignore any issues related to complications that may arise due to dilaton fields or from 
an infinite tower of massive modes. Questions on higher dimensional stability of the 
construction are also too technical and complex to be addressed here, for the present 
purposes it suffices to note that experimental observations show no sign of instability 
in the standard electroweak theory. 

From the conventional point of view of a Kaluza-Klein compactification our ap- 
proach can be interpreted so that we are inquiring how to minimally embed the 
Weinberg-Salam Lagrangian into a higher dimensional context, rather than deriving 
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it from a consistent Kaluza-Klein truncation and with no additional fields. We find 
it quite unlikely that a full and consistent truncation with no added four dimensional 
fields is even possible, at least we are not familiar with any. Instead of addressing 
this issue which is at the hearth of any fully consistent higher dimensional approach, 
we take a minimalistic point of view to simply query that whatever the higher dimen- 
sional theory (if it indeed exists, also for fermions) it must lead to certain symmetry 
structures that we wish to expose and apply to address the electroweak hierarchy 
problem. In this manner we arrive at a four dimensional SU{2) x f/(l) gauge theory, 
which is essentially the standard electroweak theory: We recover the correct mass 
assignments for the vector fields, but there is no Higgs mass and the two gauge cou- 
plings are not independent but related and determined by the parameter describing 
the squashing of the three-sphere. The reason why the Higgs mass is absent is rather 
telling: A bare Higgs mass term breaks general covariance. Consequently, 2/ there is 
a good reason to insist on general covariance as it appears here, there should be some 
Ward-Takahashi type identity that ensures that also in the quantized electroweak 
theory there is no Higgs mass term, thus no hierarchy problem. However, there is a 
non-vanishing Higgs condensate that has a dynamical origin in a ^^-condensation of 



the intermediate vector bosons 



io|- 



12| 



It is notable that even though our construction leaves no room even for a primor- 
dial Higgs field, we do obtain the correct masses for the SU{2) x f/(l) gauge fields. 
However, the mechanism that equips the three intermediate bosons with their mass 
differs from the standard approach based on spontaneous breaking of SUl{2) x f/y(l) 
into electromagnetic U{1) by the Higgs field: We introduce a three-brane that in our 
mathematical construct asymptotically coincides with the physical four dimensional 
space-time, but can locally fluctuate into the higher dimensional manifold where it 
moves under the influence of the higher dimensional Hilbert- Einstein like generally 
covariant interaction. The brane fluctuations become "eaten up" by the longitudinal 
modes of three vector bosons and as a consequence they become massive, their masses 
being determined by the brane tension in combination of the squashing parameter. 



We show that the brane fluctuations are precisely the angular components of the 
Standard Model Higgs field, in a polar decomposition of the Higgs. The remaining 
field degree of freedom, the Higgs modulus, resides in the conformal scale of the four 
dimensional Hilbert-Einstein like generally covariant Lagrangian. If we specify to a 
conformally flat space-time we obtain by a change of variables a Lagrangian that 
is very much like the original Weinberg-Salam model in the conformally invariant 
(Coleman- Weinberg) limit of the Higgs potential, in the flat space-time and with 
the correct mass relations for the intermediate vector bosons. Except that we now 
have also a Ward-Takahashi like condition that the underlying general covariance 
should remain unbroken, preventing the presence of a bare Higgs mass, also when 
radiative corrections are accounted for. 

Furthermore, from the value a = 1/137 of the fine structure constant we estimate 
at the classical level and in the purely bosonic theory the value 

sin^ Ow ~ 0.296 

for the Weinberg angle. This is an experimental constraint for our higher dimensional 
interpretation, and even though we derive it in the purely bosonic theory and at the 
classical level, the result is surprisingly close to the experimentally measured value 
. Indeed, the final theory is almost verbatim equal to the Weinberg-Salam 
model, except that the couplings now have a common origin and there is no bare 
Higgs mass. 

In the next section we describe our approach in the context of the Abelian Higgs 
Model, in the wider context of full Kaluza-Klein reduction. Here there are no techni- 
cal issues with the dilaton, and for completeness we display the entire dilaton sector. 
We show how the massive U{1) gauge boson and the neutral scalar that together de- 
termine the particle content of the Abelian Higgs model in its spontaneously broken 
phase, emerge from the massless modes of a five dimensional Kaluza-Klein compacti- 
fication with no primordial Higgs field. However, the conventional Higgs field with the 
ensuing vector boson mass can be fully reconstructed by introducing a three brane 
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that locally fluctuates into the fifth dimension with dynamics governed by the Nambu 
action. The brane fiuctuations are described by a variable that corresponds to the 
phase of the Higgs field, and its modulus emerges from the conformal scale of the 
metric tensor when we consider the theory in a locally conformally flat space-time 
and introduce certain changes of variables. After reconstructing the Higgs we arrive 
at the standard classical Abelian Higgs model in the space-time M^, with a Coleman- 
Weinberg type potential for the Higgs field at the classical level. In the quantum 
theory there is a Higgs condensate it is determined by the ^^-condensation of the 
gauge field. But since a bare Higgs mass breaks general covariance, a massive Higgs 
field remains forbidden. 

Our fuU-fiedged Kaluza-Klein analysis that includes the dilaton sector reveals that 
while the dilatons have an essential role in stabilizing the theory, the presence of 
dilatons is less important when we are only interested in relating the symmetry struc- 
ture of the higher dimensional theory with that of its Kaluza-Klein descendant. The 
dilaton has no effect on the emergence of vector mass in the dimensionally reduced 
theory, and in particular it has no effect on the Higgs mass that is forbidden by gen- 
eral covariance. This gives us confidence that when we proceed to the non- Abelian 
case where we only consider the symmetry structure, there is no reason to explicitely 
consider the effect of dilatons. 

In Section 3 we describe the Weinberg-Salam model for the present purposes. In 
particular, we introduce a generalization of the changes of variables that in Section 
2 enabled us to relate the Abehan Higgs model to a Kaluza-Klein reduction of five 
dimensional generally covariant theory with Hilbert-Einstein action. In Section 4 
we consider certain mathematical properties of the squashed three sphere. We de- 
rive a number of relations that will be useful for us when we proceed to construct the 
Weinberg-Salam model. In Section 5 we first show how to introduce the SU (2) x U (1) 
gauge structure of the Weinberg-Salam model, by employing a Kaluza-Klein reduc- 
tion that starts from a seven dimensional Hilbert-Einstein action with an internal 
space that is a squashed three sphere. Following the Abelian example we explain 
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how the vector fields acquire their masses when we introduce a three brane that is 
asymptotically stretched into the non-compact directions, but is locally allowed to 
fiuctuate into the squashed three sphere. We first consider a Nambu action for the 
three brane. This yields us a version of the Weinberg-Salam model with a wrong 
relation between the intermediate boson masses, and a local SUl{2) x SUji{2) cus- 
todial symmetry which is explicitly broken. We then modify the Nambu action by 
introducing a parameter that measures the deviation of the mass matrix from the 
point of custodial symmetry. When we choose this parameter to correspond to the 
value where custodial symmetry is recovered we obtain the standard Weinberg-Salam 
model in the Coleman- Weinberg limit of the Higgs potential but again with the addi- 
tional Ward-Takahashi like condition that a bare Higgs mass is forbidden by general 
covariance, and the couplings corresponding to the gauge groups SU{2) and U{1) are 
determined by a single parameter that describes the squashing of the three sphere. 
Furthermore, we show that from the familiar low energy value of the fine structure 
constant a = 1/137 we find a value for the Weinberg angle that is quite close to the 
observed value. We also argue that as in the Abelian case there is a Higgs condensate 
that has its origin in the ^^-condensation of the intermediate vector bosons. 

Finally, in order to avoid the familiar tricky issues that are associated with the 
conformal scale and its analytic continuation 15| we work exclusively in a space-time 
with Euclidean signature. However, we see no problems in extending our results to 
a space-time with Minkowskian metric: Since there is no reason why the generally 
covariant Hilbert-Einstein action that we introduce describes gravity, we may as well 
choose the overall sign of the Minkowskian scalar curvature to be opposite to that in 
Einstein gravity. 



II. ABELIAN MASS FROM FLUCTUATING THREE BRANE 



Here we show how the standard Abelian Higgs model with its Higgs effect can be 
derived from the brane world, but without a primordial Higgs field. We start from 
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the familiar, full Kaluza-Klein decomposition of the five dimensional metric tensor Q 

ds^ = gijdx'dx^ = e^'^^Qf^^dx^dx" + e^^^^ss {dO + A^dx^'f (1) 

We label ... = 0,...,4 and /i, z/, ... = 0, ...,3, and a and (3 are parameters. The 
compact coordinate 9 G [0, 27r) describes a circle with a local radius that depends 
on the scalar field (j) and the constant (755 has dimensions of length squared. Under a 
x^ dependent reparametrization of 

6^6 + e^x^") (2) 
A^ — )■ — d^e 

the metric ([1]) remains intact. For A^ this is the familiar f/(l) gauge transformation. 

We are interested in the (low energy) limit where the fields become independent of 
the compact coordinate 9. In this limit we take the metric components g^j^^ and the 
fields 0, A^ to depend only on the four dimensional coordinates x^ . The ensuing five 
dimensional generally covariant (Hilbert-Einstein) action with cosmological constant 



r(5) 

becomes 



d\^ [e(^+2")'^ {R + 6a(a + /3) V^0V^0} 



(3) 

We have here removed a boundary term from partial integration, R is the Ricci 
scalar and g is the determinant of the four dimensional g^^, and G is akin the four 
dimensional Newton's constant. 

In the conventional approach [t] one now proceeds by assuming that the parameters 
a and /3 obey the following relation 

/3 = -2a (4) 
But here we proceed instead with the complementary choice 

13 ^ -2a 



This allows us to introduce the change of variables 

1 da 



13 + 2a a 

which obviously can not be introduced if (jlj) is assumed. Next we define 

13 + 2a 

and implement the conformal transformation 

followed by the additional change of variables, 

/3 da 

In this way we find that (|3]) becomes 



(5) 



independently of a and (3, provided of course that (3 ^ —2a. This action has the 
same functional form as the four dimensional Brans-Dicke action in interaction with 
Maxwellian electrodynamics, with a coupling that depends on the dilaton field x- 
The Liouville-like instability of the dilaton ground state is apparent. 

It is notable that since the dilaton has no charge the vector field remains massless. 
In order to obtain a massive vector field and a relation to the Abelian Higgs model in 
its spontaneously broken phase we proceed to construct a gauge invariant mass term 
for the U(l) gauge field in ([5]). For this we consider a three-brane that stretches along 
the non-compact directions of the five dimensional space-time. This brane is locally 
described by a scalar function 

e = h{x^) (6) 

The induced metric tensor on the brane is obtained by puUing-back the five-metric 
([T]) with the help of the basis vectors on the brane, 

= 8; + (7) 
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This gives the induced brane metric 

G^'^f = E^E^^g,^ = e^"^ {g,, + g^.e^^P-^'^^iA, + d,h){A, + d,h)) (8) 

Note that this metric is invariant under the U{1) isometry (JSj): A local shift in the 
brane position 

h{x) — )■ h{x) + e{x) 

can be compensated by the shift 

A^,^ A^- d^e{x) 

in the gauge field. 

We assume that the dynamics of the three-brane is governed by the Nambu action 



Sl^ane = T / rf^xVC^ (9) 



where T is a dimensionfull parameter, the brane tension. We compute the determinant 
of the metric, 

G--^ = det[G;r,1 = e^-^ ■ dei[g,,,] ■ (l + g,^e^^^-^^^{A^ + d^h)g^^''{A, + d,h)) (10) 

In the limit of small brane fluctuations d^j,h we then get from ([9]), ( ITOl) the following 
(low energy) brane action, 

Sbrane = T j d^x^c'^^'^' + \e^'^^-''^'t> g,,{A^ + d,h)g^^''{A, + d^h) + ...^ (11) 

Here the combination 

J^ = A^ + d^h (12) 

is manifestly invariant under the reparametrizations ([3]). When we implement in ([2]), 
( TTTl) the changes of variables that took us from ([2]) to (jS]) we get the combined action 

1 



S + Sbrane — J d Xy/g 



IottG 



4 IottG 2 IdttG 
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(13) 



Here 

•^M. = - d^J^ - [d,, d,]h (14) 

and its last term vanishes whenever the brane fluctuations h{x) are twice continuously 
differentiable. It is also notable that all a and /3 dependence has again disappeared. 
Let us consider the dilaton potential term in (fT3|) . 

IottG 

We observe that the presence of the brane has introduced an additional term that 
allows us to stabilize the dilaton, we now have a nontrivial local minimum at 



Xmin V 2 



A 



WnGT 



Consequently if we redefine 



where 



and define 



and redefine 



^ eJ^ (15) 




IQttGT ~^ ^ 

then at the local minimum of the dilaton potential the kinetic term for acquires 
its correct canonical normalization and the action (1T3|1 becomes 



SiXmin) = j d'^Xy/g 



2 



1 777 

-{R - 2 A) + + —J,J^ 



(16) 



Notice in particular that we can simultaneously have a large "Planck's mass", a 
small " cosmological constant", and a gauge vector mass that is independent of the 
other two, thus at this level we avoid delicate fine tuning problems. There is also no 
primordial Higgs field even though the vector boson has acquired a mass, and even 
though the mass appears from dilaton interaction term when the dilaton field acquires 

12 



its classical ground state value the mechanism is different from the Higgs mechanism. 
In particular the local ground state of the dilaton potential is not degenerate. 
We now show that in a locally conformally flat space-time with metric 

9i,u = —^^lu (17) 

the action f ll6p exactly coincides with that of the Abelian Higgs Model in M^, in its 
spontaneously broken phase. We have here chosen p to have the dimension of mass, 
and we have introduced an a priori arbitrary mass parameter k to ensure that the 
components of the metric tensor g^^, are dimensionless. 

We start from the 3+1 dimensional Abelian Higgs multiplet, a complex scalar field 
and a U{1) gauge field A^. We introduce a change of variables to another set of six 
independent fields J^, p and 6 

(18) 

This change of variables is invertible whenever p 7^ 0, the Jacobian is p. When we 
introduce a f/(l) gauge transformation that acts on and in the usual way, the 
fields and p are U{1) gauge invariant; the vector is known as the supercurrent 
in applications to superconductivity. In terms of these variables the familiar U{1) 
gauge invariant classical action of the Abelian Higgs model 



S = jd'x I^^F^, + \{d^-ieA^)^\^ + 



becomes 



where 



S = jd'x!^^ {J,, - a,,f+ {d,pf + e^p^Jl + \p' 



A|0in (19) 



(20) 



and the distribution 



J = d J — 8 J 



a^.u = l[d^,d,]e (21) 
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is the string tensor that describes vorticity, in hne with the second term in f|T^ . Its 
support in R'^ coincides with the world-sheets of vortex cores. Except for 9 in (pTIl 
there are no gauge dependent variables present in the action ( !20l) . Furthermore, if 
gauge transformations entail only at least twice continuosly differentiable functions, 
fl^Tl) is gauge invariant. Thus in the absence of (singular) vortex configurations we 
have the remarkable result that the U{1) gauge dependence of the Abelian Higgs 
Model can be entirely removed by a mere change of variables. For this, there is no 



need to introduce any 



ixing of gauge nor any kind of symmetry breaking mechanism 



19| . We shall see that this persists in the case of the Weinberg- 



by the Higgs field |l6l |- 
Salam Model. 

n 

As in [18|] we identify the variable p in fl20l) with the conformal scale of a metric 
tensor like (fT7I) . With this metric tensor we can then write 18| the classical action 
fl20l) in the following manifestly generally covariant form, 

S = yd^Xv/^|^(i? + 2A) + l(7^V^MA^.. + e'«^V'^^M'^.} (22) 
We have here introduced 

G = (23) 

and 

A = 3k^X (24) 

and for simplicity we include the string tensor f l2T|) in the definition of J^^,. With the 
present identifications ( IT6|) and fl22|) clearly coincide, as we asserted. Furthermore, 
remarkably the vector field in the Abelian Higgs model has acquired a mass \/2e«; 
even though no explicit symmetry breaking and in particular no Higgs effect has taken 
place. But the theory now resides in an emergent space-time that is different from the 
where the original Lagrangian f ll9p endures. This emergent space-time dissolves 
away when p vanishes. In particular, on the world-sheet of an Abrikosov type vortex 
where f l2T]) is nontrivial we must have p = 0, otherwise the energy diverges. The 
metric ( IT7|) then vanishes and the curvature scalar 



P / P 

14 



has an integrable singularity. As a consequence the Abrikosov vortices of the Abehan 
Higgs model can be viewed as space-time singularities in the emergent, locally con- 
formally flat space-time. 

We emphasize that we have not included any bare Higgs mass term in f|T9l) . If we 
include a bare Higgs mass in (fT9|) it spoils the manifestly covariant form of (!22|) and 
we loose the relation between the generally covariant f|T6|) and f|T9|) . While at the level 
of (1191) . (12 2 p the general covariance can be viewed as a pure coincidence, at the level of 
( fT6i) general covariance is a symmetry of the theory and adding a term corresponding 
to a bare Higgs mass in f|T9|) explicitely break general covariance. If we accept a point 
of view that there is something deeper between (fT6|) and (fT9|) than pure coincidence, 
there can not be any bare Higgs mass in f|T9l) either. Consequently, if the theory 
(JTOll is regularized and quantized in a manner that continues to relate it to (flGll and 
thus respects the generally covariant interpretation fl2^ no bare Higgs mass term can 
emerge as a quantum correction, Higgs mass is forbidden by an appropriate Ward- 
Takahashi identity that reflects the underlying generally covariant interpretation, and 
the relation between ( !T9|) and (|T6|) . We may say that the Higgs mass is subject to 
dimensional censorship. 

In the sequel we shall show that the present construction persists in the non- 
Abelian context of Weinberg-Salam model, thus such a dimensional censorship might 
be a natural resolution to the electroweak hierarchy problem: A mass term for the 
Higgs field is not consistent with the symmetries of the theory as these symmetries 
have their origin in higher dimensional general covariance and a bare Higgs mass 
breaks this general covariance. 

However, this does not prevent p from having a non-trivial ground state value: 
Even when the perturbative contributions that are not consistent with the interpre- 



tation in terms of general covariance are removed, it has been argued in lOl]- 12| both 
on general grounds and using numerical lattice simulations that in a quantum gauge 
theory the condensate 

<Jl>= (25) 
15 



is non-vanishing. Here we have added the sign to reflect the fact that in Minkowski 
space the condensate can be either time-hke or space-hke: Following j2o| we expect 
that there is a phase transition with order parameter 



< Jt > 



<Jf> 



and according to ( |20l) the sign corresponds to positive resp. negative Higgs mass 



that is the phase transition is between the symmetric and broken Higgs phases in the 
conventional parlance. Indeed, it has been proposed that the quantity determines 



a natural and gauge invariant 



10| - 12| dimension-two condensate in a gauge theory. 



From f l20|) we then estimate that in the London limit where p = po is a constant 
corresponding to the conventional situation where the Higgs fleld is in a translationally 
invariant ground state, we have the non-vanishing condensate value 

e^A^ 



pI 



A 



(26) 



Finally we comment on the following: As such it should not come as a surprise that 
a Poincare invariant fleld theory can be written in a generally covariant form. For 
this all one needs is to implement a transformation from the Cartesian to a generic 
coordinate system, the result always has a generally covariant form. However, the 
peculiarity in the present case is that now the metric tensor is constructed from one of 
the fleld variables, and that the Hilbert-Einstein action makes an appearance. In fact, 
it has been proposed that any unitary four dimensional fleld theory that possesses 
both Poincare and rigid scale symmetry is invariant under the entire conformal group 
5*0(5,1) [21j. The results of 22|, 23|] in the case of (special) conformally invariant 
and of [12|, 18|, 19| in the case of (special) conformally invariant Yang-Mills- 
Higgs theories then suggest that the S'0(5, 1) special conformal symmetry in M'^ can be 
extended to include invariance under local conformal transformations, and the ensuing 
theory can be cast in a manifestly generally covariant form with the conformal scale 



constructed from the fleld variables 



24| 
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III. SUPERCURRENTS AND THE WEINBERG-SALAM MODEL 



We now proceed to the non-Abelian SUl{2) x f/y(l) invariant Weinberg-Salam 
model, where our goal is to relate its symmetry structure with that of a higher 
dimensional gravity theory to address the electroweak hierarchy problem. The present 
Section describes how the pertinent Lagrangian (|22l) is derived, and the remaining 
Sections are devoted to relate the ensuing (accidental?) general covariance to a higher 
dimensional local symmetry. 

The bosonic part of the Weinberg-Salam Lagrangian is 

^ws = \gI{A) + If'^AY) + \D,^\' + A|<f r (27) 



26|: 



We work in a flat spacetime with Euclidean signature, and follow the notation of 
The matrix-valued SUl{'2,) isospin gauge field is 

A^ = A^j^t"" = A^ ■ t 

with the isospin Pauli matrices, and is the Abelian f/y(l) hypergauge field. The 
field strengths are 

G^M) = d^^u - d,A^ -qA^xA,, (28) 
F,,{Y) = d,Y,-d,Y,. (29) 



and the SUii^) x f/y(l) covariant derivative is 



D^ = ld,-z^A^-z^Y^l, (30) 



where 11 is the 2x2 unit matrix in the isospin space. 

Notice that as in the case of Abelian Higgs model, we do not add any (bare) mass 
term to the complex isospinor Higgs boson $, the Higgs potential is conformally in- 
variant, of the Coleman- Weinberg form. It turns out that as in the Abelian case 
there is no need for a conventional kind of a Higgs effect. Instead, the gauge boson 
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masses will emerge at the classical level simply from a change of variables in a combi- 
nation with a geometric interpretation, while the modulus of the Higgs field acquires 
a ground state expectation value from a non-Abelian generalization of ( !25l) . 

We start by generalizing the construction of the gauge invariant supercurrent (ITSll 



18|, with 



to the case of the Weinberg-Salam model. We follow largely the approach in 
some minor changes that are convenient when we proceed to generalize the results of 
Section 2. 

We start by decomposing the Higgs field $ as follows, 

$ =0A' with = pe^^ & X=u(^^ (31) 

Here is a complex field, X a two-component complex isospinor with \X\ = 1, and 
we take W to be a 2 x 2 SU{2) matrix. The SUl{2) x f/y(l) gauge transformation 
acts on $ as follows. 




where Q G SUl{2) and e^"^^ G f/y(l). The decomposition ( I3TI) also introduces a new 
(internal) compact gauge group 

t/int(l): (33) 
which leaves the field $ intact. Note that the spinor X = Xx and its isospin conjugate 

X2 = ZT2X* 

form an orthonormal basis = 1,2 and a, b 4), 

1=1,2 
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When we introduce the conjugate Higgs field 



we find the SUl{2) x f/y(l) supercurrents (J^, J^) and (with = Jj^± iJf,) by 
expanding the covariant derivative of the Higgs field in the spinor basis {Xi, X2) 18 1 



Explicitely, 





2i 






Q 




2i 








Q 



iq 



(34) 



iq 



'^1 + 77 ■ T = ■ 63 - — e_ ■ 9^e+ 



and 



3^. 



q 



/U|2 



2g 



(9^ - i^Yf,](l)- c.c. 



and Cj (z = 1, 2, 3) are three mutually orthogonal unit vectors defined by 



63 



The S'f/ (2) matrix W in f lHTj) combines these into 
and the 3x3 matrix Cj" is an element of S'0(3) since 
We view fl5S]) -f l5^ as the following change of variables, 



(35) 
(36) 

(37) 

(38) 
(39) 



(40) 



(41) 



On both sides of (14T]) there are sixteen real fields, and (HT!) is an invertible change of 
variables whenever p 7^ 0; the Jacobian is p^. When we substitute (j^Tj) in (ITTj) we get 
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Here G^^, and are the field strength tensors of resp. y^, 

F^,{y) = d,y,-d,y,. 



(42) 

(43) 
(44) 



The cr^j, is the dual of the string tensor fl2Tl) in the present case and the Cj appear 
only through the singular quantity 

1 



S;. = ^e^^'(e^--[a„9.]e-"=) 



(45) 



which is a non-Abelian generalization of ( 12T|) . 
We make the following two remarks: 

1) If we resolve the relations (J35l) . ( I36l) for we can combine (l35i) . (1361) into 

Ti _ /l« p.a _|_ J_^a6c l a 

and when we invert this by using the fact that e*a G 5*0(3) we get 

= e\r^ + e\^e^'''ehd^e,, = e\{r^ + ^e'^''=e\9^e, J (46) 
Here the second term is a pure gauge i.e. left-invariant Maurer-Cartan form, 



(47) 



where U E SU{2) is defined in (|3T1). (HO 



2) Following fl25|) and 10|- 12| and 20| we propose that in the quantum theory the 
expectation values 

<{qJl-q'y,r>= ±Al (48) 
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±Ai (49) 
are non-vanishing, with the sign (in Minkowski space) depending on whether the 
condensate is space-hke or time-hke. From fH^ we then estimate for the ground 
state value po of the Higgs modulus 

pI = ^(±A3±Al) 

As in the Abelian case we again conclude that even though there is no bare Higgs 
mass, a non- vanishing Higgs condensate can be generated by the condensation of the 
intermediate vector bosons. Furthermore, the sign of the condensate i.e. whether 
we are in the broken or symmetric Higgs phase depends on the signs of the conden- 
sates (HHll . ( H9l) that is whether we have a time-like or space-like condensate in the 



Minkowski space [20 1. 



In line with fl22|) we can interpret the Lagrangian fl27|) in terms of local conformal 
geometry. As in f lT7|) we identify p with the conformal scale of a metric tensor, and 
repeating the steps that led to (122]) we get |l8| 



>Cws = VG!^j^iR + 2A) + CM^ (50) 

where the matter Lagrangian Cm is 

Cm = \g,, ■ G^'' + \f^.F^^'' + K\q^ + (^^)Z^Z^ + k^^W^W^' (51) 

and the indices are raised and lowered using the metric tensor (IT7|) . As in (12^ . (B^ 
we have here introduced 

G = ^ 

and 

A = 3k^X 

and the SUl{2) x Uy{1) invariant 11^-bosons are = J^, while the Z-boson and 
photon Afj_ are 

Zf, = cos 9w Jl - sin 9w y^, , (52) 
A^, = sin 6w Jl + cos 9w y^l , (53) 
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where 9w is the Weinberg angle, it has the experimental the low momentum transfer 



value 



13| 



s\T?ew = ^ 2 = 0.2397 ±0.0014 (54) 



g2 + g'2 Ml 
By recalling the (low energy) Thomson limit value 

e2 1 

a = — 

47r 137 

for the electric charge this gives for the SUl{2) x f/y(l) couplings the following nu- 
merical values 

e = g singly = g'cos^vK g~ 0.619 & g' ^ 0.312 (55) 

The Lagrangian ( l50l) . ( jSTl) has the familiar form of the spontaneously broken 
Einstein- Weinberg-Salam Lagrangian. It describes the conventional electroweak inter- 
actions of the massive W and Z bosons in a conformally fiat space-time, that becomes 
a flat in the London limit where p is a constant. As in the Abelian case, we find 
it notable that now it is the dimensionfuU parameter k that gives rise to the vector 
masses, not the Higgs ground state expectation value as in conventional approach. In 
fact, in line with the Abelian case we immediately observe that the presence of a bare 
Higgs mass term would not allow us to write the Lagrangian in the generally covariant 
form. While at the present level of argumentation this generally covariant form could 
be viewed as accidental, in the rest of this paper we argue that it may also reflect 
dimensional censorship imposed by an underlying higher dimensional structure. If 
so, the addition of a bare Higgs mass would lead to an explicit breaking of general 
covariance. But if the quantization is performed in a manner that respects general 
covariance as a Ward-Takahashi like identity, a Higgs mass term can not appear and 
the electroweak hierarchy problem may have a simple resolution. Furthermore, the 
conventional Higgs field becomes metamorphosed into the local conformal scale, and 
as in the Abelian case in the quantum theory its modulus may acquire a non- vanishing 
expectation value from the condensation of the intermediate vector bosons, without 
violating the underlying general covariance. 
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IV. SQUASHED THREE-SPHERE 



We now proceed to disclose how the symmetry structure of the Weinberg-Salam 
Lagrangian in its representation ( !50l) . ( ISTl) becomes embedded in the brane world, to 
reflect the potential presence of higher dimensions. Following Section [III we start with 
a Kaluza-Klein setup which we build on M'* x S^. Here is the space-time four- 
manifold with metric components g^u (yU, z/ = 0, 1, 2, 3). Eventually we shall specify to 
a locally conformally flat space-time, to reproduce the result (!50|) . ( 15T|) . The internal 

~ SU{2) is the gauge group manifold that we eventually squash. It turns out that 
the squashing parameter will allow us to relate the gauge couplings q and q' in the 
Weinberg-Salam model. 

he 



a 



In this Section we present some useful relations for SU{2) ~ S , both with t 
standard metric and its squashed generalization. The results are largely familiar 
but there are some new details. We describe the manifold SU{2) ~ S'^ in terms of 
the 2x2 matrix U that we introduced in f HOj) . For concreteness we use the following 
explicit Euler angle parametrization 

. sin|e5<^+ -cosfet"?^ . 
W = -z 2 - (56) 

cosfe-^"^- -sin|e-^'^+ 

where < < vr and < (f)± < 271 are local coordinates on S'^. The natural metric 
Qmn (^5 n = 1,2, 3) on is the bi-invariant Killing two-form, 

ds^ = 2Tr{dUdU-^) = gmnd'd^'dr = {dOf + sin^^ (#+)2 + cos^^ {d<p_f (57) 

We write the left-invariant Maurer-Cartan one-form (HTj) as follows, 

W^dU = L^dd'^-T" (58) 
2i 

where are the Pauli matrices. The right-invariant Maurer-Cartan is 

UdLl~^ = Rl^d^'^—T^ (59) 
2i 
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The components and can both be identified as the dreibeins for the metric 

(EZD, 

Qmn = ^abL'^L^n = ^abRm^n (60) 

The one- forms = L'^d-d^ and R°^ = R^d'd^ are also subject to the SUl{2) Maurer- 
Cartan equation, e.g. 

dL" = -le'^^^L'' A L"" (61) 

and exphcitely we have 





-e2^d9 


(62) 


= es'd^+ 


- de 


(63) 




— dip- 


(64) 




-±0-) 





where we have defined 



and we have introduced the right handed orthonormal triplet (jlO 



^cos cos 6^ 



ei 



sin cos 9 
— sin 6 



^ - sin ip. ^ 



& 62 



cosip. 




^ cosip- sin 



sin sin 6 

cos 9 



(65) 



The ensuing explicit realizations of the right Maurer-Cartan one-forms are obtained 
simply by sending 

(^,^+,z^_)^-(^,7/._,^+) (66) 



There are three left-invariant Killing vector fields 

d 



m = 1,2,3) 



that can be identified as the canonical duals of the one-forms L"^. With f l62|) -f lM|) this 
gives us the explicit realization 



cos ip 

K] = {simp_dg + cosV'- cot 9d^_ } + ^d^+ = + t 

^ ■' smO 



1 I j-i 



(67) 
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sm lb 

K} = {- cos i)_de + sin i)_ cot ed^_ ] + ^d^^ = l'^ + (68) 

^ smt^ 

Kl = -d^_ = /3 (69) 

The commutators of the Kilhng vectors determine a representation of the SUl(2) Lie 
algebra, 

[KlKl] = -e^'^Kl (70) 
Furhermore, in 1°- we identify the standard 5*0(3) angular momentum operators with 

while the obey the one-cocycle condition 

+ [t",/''] = -e"''"f (71) 

[^^t^]=0 (72) 

We also note the possibility to introduce a two-cocycle into the Lie algebra ( ITOl) . 
For this we deform the Killing vectors into 

Kl^Kl ^ Kl + a-Tl = Kl + a-eld^^ (73) 

The deformed Lie algebra is 

and in the equivariant subspace where 

TlF{e,ij_,i^+) =0 ^ F = F{e,i:_) 

these deformed Killing vectors act like the original ones. 

We recall that the Killing vectors generate an isometry of the metric (!57|l . With 
Ca the Lie derivative in the direction of Kl 

Cagmn = ^ Z = 1, 2, 3 (74) 
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They are also orthonormal, 

gUKriK^r = (75) 

Again, the ensuing exphcit reahzation of the right Kilhng vectors is obtained from 
(!66l) . In particular, from (169|) we get 

Kl = R = +d^^ (76) 

We can explicitely break the SUl{2) x SUr{2) isometry of into SUl{2) x Ur{1) 
by squashing [Tjj the three sphere. For this we modify the metric tensor f lFTI) into the 
following one-parameter family of metrics, 

= {def + siYi^e {dij.f + {dij+ - cose d^ij.f (77) 

^ {def + sin^^ {dij.f + - cos^ #_)2 = gi^J'd'^dT (78) 

A dreibein representation of this squashed metric is obtained e.g. in terms of the 
right Maurer-Cartan one-forms by modifying them as follows 

= R^= el difj- - e\de (79) 
= R^ = el d^p. - elde (80) 
E^ = i-R'= ^ ■ {eld^p. - d^P^) (81) 

where we have implemented the left-right conjugation fl66|) in the triplet fl65|l . This 
gives the dreibein decomposition of the squashed metric tensor (178|) . 

Alternatively, we can introduce the following dreibein one-forms to similarly decom- 
pose the squashed metric, 

= {es^ cos 9dij_ - e2^ d9} + ^ e3\dij+ - cos ed^^) (83) 
E^ = {es^ cos Odip- - e2^de] + ^ e3^(#+ - cos ^#_) (84) 
E^ = {e3^ cos edip_ -dip_}+^ e3^{dij+ - cos Odip.) (85) 
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These dreibeins have the advantage that in the ^ ^ hmit none of them vanishes 
and they go smoothly over to give the standard metric on the two-sphere §^ with 
local coordinates {9,ip-). This will become convenient in Section rVIIII 

Finally, we remind that for any value of the squashing parameter ^ in ( ITHll the 
original left Killing vectors f E7|) - fl^U]) in addition of the 3'"'^ component of the right 
Killing vector f l76|) remain as the Killing vectors of the squashed sphere, independently 
of ^. Together they generate the Lie algebra SUl{2) x But since the ip- 4'+ 

symmetry becomes broken for ^ 7^ 1, the squashed three-sphere does not anymore 
admit the full right invariant SUr{2) isometry. 

V. WEINBERG-SALAM AND SQUASHED SPHERE 

We now generalize the derivation of (!T6|) to inspect how the symmetry structure 
of Weinberg-Salam Lagrangian f l50|) . fl5T|) becomes embedded in the brane world. 
Our starting point is the pure seven dimensional Hilbert-Einstein action without a 
cosmological constant on the manifold x §? 



We choose to be a generic four-manifold with metric tensor g^^^ and local coordi- 
nates x^, and Sg is the squashed three- sphere now with metric 



ds^ = —gl^J^^dT = —{{dey + {di)_f + i^{di)+ - cos0#_)2} (87) 




(86) 



4 



4 



We take r to be a constant so that the volume of the squashed sphere is 



We introduce the following Kaluza-Klein decomposed metric over x S? 



= g^^dx^'dx" + —gi^^id^"^ + K'TA'^^dx'' + R^B^dx^'}{d^'^ + K^Aldx" + R^'B^dx"} 

(88) 
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Here Kf^ are the components of the left Kilhng vectors fl67l)- fl69|) and i?™ = are 
the components of (1761) . 

At this point we note the following: The decomposition (IHHj) is not the most general 
one of the metric tensor, in particular it does not include the higher dimensional 
dilaton fields 27|, 28|. However, here the goal is not to deduce the Weinberg-Salam 
model from a higher dimensional gravity theory using the Kaluza-Klein approach, 
this remains a problem that still waits for an elegant solution. Instead, as explained 
in the introduction we search for a resolution to the Higgs mass hierarchy problem 
from symmetries of the Weinberg-Salam Lagrangian that have a higher dimensional 
interpretation. We only inquire what is the minimal amount of higher dimensional 
structure that we need to look into, in order to address and hopefully resolve the 
electroweak hierarchy problem in the limited context of the bosonic Weinberg-Salam 
Lagrangian. In particular, how can we argue that the generally covariant form (l50l) . 
( ISTl) is not just an accidental coincidence that does not need to survive quantization, 
but a reflection of dimensional censorship imposed by an inherent higher dimensional 
symmetry structure that may be at the root of solving the electroweak hierarchy 
problem. 

It is natural to assume that the higher dimensional manifold has the (local) product 
structure of a four- dimensional space-time manifold M4 with some internal manifold. 
Furthermore, whatever the structure of the internal manifold it should somehow relate 
to the squashed three-sphere, since the commutators of its Killing vectors coincide 
with the Lie algebra of SU{2) x f/(l) [7\. Consequently we do not think it is un- 
reasonable to assume that any approach to electroweak interactions that involves a 
higher dimensional construct, somehow relates to the structure of a squashed three 
sphere as an internal manifold, and for this reason we here select it as our internal 
manifold. 

Note that as in the Abelian case we discussed in Section II, in a complete and fully 
consistent Kaluza-Klein approach where the dilaton fields are included we would 
arrive at an extension of the Weinberg-Salam model with additional scalar fields that 
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are due to the dilatons [27| , [28| . This can be of importance if LHC experiments 
observe signatures of unexpected scalar fields. 

When we consider a coordinate transformation that sends 



(89) 



where e°(x'^), e(x^) are arbitrary functions on M^, in direct generalization of (E]) we 
find that the metric f l88|) remains intact provided 



SB,, 



(90) 



This is the SUl{2) x Ur{1) gauge transformation law of the gauge fields (y4°,_B^). 

In order to perform the projection to massless states we assume that the S| metric 
components gf^^ and the components {Kf^, i?™) of the Killing vectors depend solely 
on the three internal coordinates with no dependence, while g^y and (A^, 
all depend only on the four dimensional x^. We substitute the metric ( 188|) in (!86|l 
and we integrate over to get 

1 



— {R + Rint} + 7^—^ — G 



(91) 



- - 4 3 

Here f) is an a priori arbitrary dimensionless number, obtained by combining the 
various overall factors into a single quantity (we may call it a "Planck's constant"). 
All the metric structure is determined by the four dimensional g^y, and G^i, is the 
SU{2) field strength of and F^^ is the U{1) field strength of B^. The internal 
scalar curvature is 



R. 



■int 



2r2 



and it has the role of a cosmological constant. 

With fl9T]) . we now wish to recover the Weinberg-Salam Lagrangian fl50l) . fl5T]) . For 
this we introduce the locally conformally fiat metric tensor with components (fTTll and 
substitute in (1911) . The result is 



5* 



- / d^x 



-{A-e 



1 

4' 
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This reproduces the first four terms in P2|) (up to the overall dimensionless factor f)) 
when we choose the (constant) radius to be 



6 



r=- (92) 



and we scale the gauge fields as follows, 



(93) 



where we select 



^ (94) 

q=-^ (95) 

A - (96) 

In particular, these definitions ensure that the Yang-Mills contribution to the action 
acquires the correct canonical normalization ( I5T1) . 



and 



Sym = j dS^l^^G,, ■ + ^F^.F^'^I (97) 

Moreover, we note that the SUl{2) coupling q, the Ur{1) coupling q' and the Higgs 
coupling A are now all determined by the dimensionless squashing parameter ^. 



VI. VECTOR BOSON MASS AND NAMBU BRANE 



We proceed to construct the gauge invariant mass terms for the intermediate vector 
bosons. Following Section |Tl] we shall here show how a mass term can be obtained 
from a three-brane with Nambu action. From a geometrical point of view the Nambu 
action is a very natural choice. However, we shall find that it does not conform with 
the experimentally observed W^^ and masses. The reason is that the Nambu action 
breaks an underlying local SUl{2) x SUr{2) custodial symmetry of the mass matrix. 
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In the next Section we show how the custodial symmetry is recovered and the correct 
intermediate vector boson masses obtained. 

As in Section |Tl] we introduce a three-brane that stretches along the non-compact 
directions of M"^ x S^. Locally the brane is described by 

^ (98) 

In analogy with ([7]) we introduce the basis vectors on the brane, 



Together with (188|) this leads to the induced brane metric 

(99) 

in direct generalization of ([H])- We compute its determinant and the result is 

det[G-1 = 



det[g,,] ■ (^1 + -g^'-gLiKrA^^ + R''B^ + d,X^){K'{:Al + R^B, + a.X" 

(100) 

Here the three composites 

are the brane versions of the gauge invariant supercurrents fl3S]) . f l36p . By compar- 
ing f llOOp with ( l88l) we conclude that these supercurrents are indeed invariant under 
the reparametrizations (!89|) . (!90|) a.k.a. SUl{2) x Ur{1) gauge transformations (re- 
call that together {K1"^,R"^) generate the unbroken SUl{2) x Ur{1) isometry of 
S|). For example, in order to explicitly verify the invariance under the non-Abelian 
reparametrization ( l90l) we first observe that 

r/ T^ani Aa\ in T^am\ /ia i am/ pi a , abc /\b 

o[Kl A^) = [C_^bKiKL )A^ + Kl [a^e +e A^e ) 
= e^^'^Ale^K'j^ + i^L^^a^e" + e^^^eMji^i"" = KL^^'d^e" 
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On the other hand, from fl98l) we get by fl89l) that 



dx, 



Furthermore, in hne with f l47p the last term in f llOip is a pure gauge contribution. 
For this we recall (EHD and (ESI), (176]) to find 



In the limit of small brane fiuctuations the Nambu action for the brane can be ex- 
panded in derivatives of fluctuations and to leading nontrivial order we get 

S,rane = \t j d'xVC^^ ^ "^^^^^ " + ij ginJ^T + ■ (102) 

Here the first term contributes to the four dimensional cosmological constant and the 
second is the mass term for the supercurrents. We use (|60|) to write the mass term 
in ( I102p as follows, 

^r'g'^'ginJrJ: = g"" (lr'Ei^6,,Ei] J;:^J: = g^'^MUi)J:'J: (103) 



where the -E^ are the squashed dreibeins (!79l) - (!8T|) . 

Since the mass term involves only three supercurrents, one linear combination of 
the four gauge fields A^, remains massless. To identify the massive and massless 
combinations we recall that the Kaluza-Klein reparameterizations a.k.a. gauge trans- 
formations act transitively and consequently we can (locally) introduce a coordinate 
transformation that makes the brane coordinates constants: 

e = ^+ = ^_ = {) 



This amounts to rotating 
ei ^ 



& 6*2 ^ 



1 



& 63 ^ 







32 



in fl65|) : From the point of view of the original Weinberg-Salam model this corresponds 
to selecting the Unitary Gauge that always exists locally. We use (l60l) with the explicit 
realizations ( l83l) -( !85l) and the rescaled fields (l93ll and diagonalize the mass matrix 
MmniO to conclude that the massless combination is 

= '^^^Zl^ = -sm9w Al + cos Ow-B^ (104) 
V g2 _^ q/^ 

and the massive combinations are 

= Al + lAl (105) 
= ^ / „ - = cos 9w ■ A^ + sin 9w ■ (106) 



'g2 + g'2 



where 



so that 



• 2. e + 2 

\ < sin^ < 1 

4 - - 



and we get from fll02p the mass term 

Ir^T 



Smass = ld'x^.[q'w;[W^-+e{q' + q")Z,Z^} 



(107) 



By combining this with (!9T]) . ( 197|) we get for the entire action in terms of the rescaled, 
canonical fields 



3T 



{q'W;^W>^-+e{q' + q")Z,Z^}'^ (108) 



4/t2 

When we select the locally conformally flat metric tensor f|T7|) and choose the param- 
eters as in ([92])-([96D and 

3 

we get a Lagrangian which is very similar in form to the Weinberg-Salam Lagrangian 
with the Higgs coupling 

1 100 - ^2 
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In particular, in addition of the overall f) there are now only two independent param- 
eters, K that determines the mass scale and ^ that determines the three couplings q, q' 
and A. The apparent difference between f j42l) and ( llOSp is in the mass relations, they 
have the same form only when ^ = 1. But in this case we obtain the experimentally 
quite distant value 

sin^ 9w = ^ (109) 

for the Weinberg angle. Since we do not understand how to reconcile these differences 
we propose that the Nambu action is not the one realized in Nature to provide masses 
for the intermediate vector bosons. 



VII. CUSTODIAL SYMMETRY 



The mass matrix (11031) is obtained from the induced metric using the Nambu 
action, and as such it has a very natural geometric origin. For a generic value of ^ it 
also shares the local SUl{2) x Ur{1) isometry of the squashed three-sphere. But when 
= 1 so that the metric tensor coincides with the bi-invariant fl77|) . the symmetry 
of the mass matrix fll03p becomes extended to the local SUl{2) x SUr{2) invariance 
and it can be presented entirely in terms of the S'^ Killing vectors as follows, 

M™„ = ^r'Ll6,,Li = ^r'Rl6,,Ri = ^^T\UJ,,Li + RJ,,IV^) (110) 

We call this local SUl{2) x SUr{2) symmetry of the mass matrix (11 101) the custodial 
symmetry. An unbroken custodial symmetry implies the following familiar relation 
between the intermediate vector boson masses and the Weinberg angle, 

sm Hw = o = — 7^ = 1 ^ 111 

q^ + q'^ 4e^ + 2 M| ^ ^ 

We also note that the custodial symmetry can be used to justify a posteriori the 
relative normalization of the Killing vectors that we have introduced in fj88|) . 

Since the squashed metric tensor (!82|) can be represented in terms of the Killing 
vectors independently of ^ we may as well adopt the point of view that since the 
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Killing vectors determine the metric tensor they are more "primitive" and the mass 
matrix flllOp is the most natural one also in the case of a squashed three-sphere, 
irrespectively of the value of ^. 

The most general mass matrix that breaks the custodial symmetry explicitely while 
retaining the SUl{2) x Ur{1) symmetry is 

T 



{jR,^R^ -\- R^R^ -\- rj R^R^ 



(112) 



Here 77 is a new parameter which is independent of the squashing parameter ^. For rj = 
1 we have the custodial symmetry that becomes explicitely broken into SUl{2) x Uii{l) 
for ?7 7^ 1. Using the mass matrix flll2p we introduce the following (Polyakov-like) 
brane action 



With this we find instead of fllOSp 



S=- d^x^^- 



6 



-G^, ■ G^" + -F.„.F^'' 



4 



(113) 



where we continue to exclude a bare cosmological constant. This Lagrangian gives us 
the mass relation 29 1 

-,2 



r]^ cos^ Ow 
with the experimental value jl^ 



2 9 



/2 



T]'^ = 1.01023 ±0.00022 

We recall jl^ that in the Standard Model the difference to the custodial symmetry 
value ?7 = 1 is due to bosonic loops. 

We now proceed to inspect the (classical) value of the Weinberg angle f illip . For 
this we shall approximate i] = 1. From (IMj) and fillip we find in the Thomson limit 
the value 



q sin 9 



w 



4^ + 2 



^4-2 



2.77 
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sin^^w ^ 0.296 



so that 

sin^ bw 
and from flMl) . fl^ we get 

q = 0.557 & g = 0.361 

These numbers are surprisingly close to the experimental low momentum transfer 
values (!54|) . (!55l) in particular when we take into account that the present estimations 
are purely classical and in particular we have not taken into account any interactions 
nor any fermionic effects. 

Furthermore, in the absence of a bare seven-dimensional cosmological constant we 
get from fl96|) the numerical value 



X 



-0.0511 



4! 3 

which is small, but negative; Adding a small but positive bare cosmological constant 
would make the effective Higgs coupling positive but here we prefer to avoid this. 
Instead, we note that in the pure scalar field theory the four dimensional triviality 



30| and this suggests that quantum effects could 



is well established for bare A < 
also here drive ^ — t- 2. 

Suppose now that we are in a conformally fiat and Euclidean-Lorentz i.e. S0(4) 
invariant classical ground state of flll3p . The vector fields must all then vanish and 
when we substitute ( fTTl) in (1113^ we obtain the following equation for the conformal 
scale of the metric tensor ( fT7|) . 

-2 ...3 



K 



3-4! 







This is solved by 



K 



Tj^udx^dx" 



r]^ydx^dx^ 



1 + 



(4!)2 



1 2 



;ii4) 



This gives us either the de Sitter or anti de Sitter metric as the ground state, depend- 
ing on whether ^ < 2 or ^ > 2. These could be viewed as two different phases of the 
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theory, and the tricritical value ^ = 2 yields a flat M and corresponds to a Weinberg 
angle value 

sin^6'i^ = ^ 

We note that according to our model this means that the Grand Unified prediction 
for the Weinberg angle j4| 

sin^6'iy = \ 

o 

corresponds to a phase which is different from the observed world. 

Finally, since the (anti) de Sitter manifold is homogeneous and has constant cur- 
vature, we obtain a reasonable ground state expectation value for p assuming that we 
are in the vicinity of x = in flll4p . This yields the estimate 

< p > K 

and gives us the standard relation between the value of the Higgs condensate and 
the intermediate vector boson masses. We conclude by noting, that in the quantum 
theory there will be corrections to this expectation value due to the intermediate 
vector boson condensates fHHj) . poj) . 



VIII. THE LIMIT OF TWO-SPHERE 



In this Section we briefiy consider the limit ^ — i- in the metric (1781) . This is of 
interest, since the limit represents a submanifold of the squashed three sphere that 
is the smallest manifold that allows a realization of the SU{2) x U{1) Lie algebra in 
terms of Killing vectors. In this limit we obtain the standard metric of §^ G M'^ 

2 2 

ds^ = ^-g^^d^^d^"" = J {{d9f + sin^ 9{dij^f} 
The dreibein (I83|) -f l85|) becomes 

— )■ cosOdip- — e2^d9 
L? e-i cos Qd'^- — e-^dd 
63^ cos 6dilj_ - 
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These are the dual to the three dimensional angular momentum operators in fl671) - 
(!69l) with respect to the metric, 

ja _ jan 

We remind that the two sphere is the coadjoint orbit of SU{2) and so it supports 
a representation of SU{2) which is given by the §^ Killing vectors a.k.a. angular 
momentum operators 

When we send ^ — )■ in the Lagrangian f llOSp and remove the dependence, 
again rotating 63 to point towards the north pole we get 

S=\j I J_ [R + R^^^] + \g,, ■ &^ + ^l^^iy^iyA^^I (115) 

We observe that only two components of the SU{2) gauge field are massive. This 
is the result we expect to have when we break SU{2) into U{1) in an Non-Abelian 
Higgs model, with the Higgs field in the adjoint representation of SU{2). 



IX. CONCLUSIONS 



We have addressed the electroweak hierarchy problem posed by the instability of 
the Higgs mass by inspecting whether an apparent general covariance but with a lo- 
cally conformally flat metric tensor that is present in the Weinberg-Salam Lagrangian, 
could be somehow interpreted in terms of full general covariance in a higher dimen- 
sional gravity theory. We have argued that if one starts from a seven dimensional 
generally covariant action that has the same form as the Hilbert-Einstein action and 
projects on a subset of its Kaluza-Klein decomposed fields, one arrives at the func- 
tional form of the Weinberg-Salam Lagrangian with correct vector boson masses but 
with no bare Higgs mass, as the presence of the Higgs mass is forbidden by dimensional 
censorship as it breaks general covariance of the gravity theory. Moreover, if the quan- 
tization of the electroweak theory can be performed so that a Ward-Takahashi like 
identity that ensures the preservation of the higher dimensional general covariance, 
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the Higgs mass remains absent and that could provide a resolution to the electroweak 
hierarchy problem. Indeed, it has been argued that the absence of a bare Higgs mass 
could help to resolve the gauge hierarchy problem 31[ and it has also been argued 



that despite of the absence of the bare mass the eventual^iggs expectation value 

We have here shown 



does not need to be small but can acquire a realistic value p 
that at the classical level this could be due to the (anti) de Sitter ground state of 
the theory, while in the quantum theory a nontrivial expectation value for the Higgs 
condensate could emerge from the condensation of the intermediate vector bosons. 

This line of arguments, if validated in the context of electroweak theory, would give 
us the first indication that four dimensional physics is sensitive to higher dimensional 
symmetry structure, even though it may remain questionable whether the Weinberg- 
Salam model with its fermions indeed emerges from a Kaluza-Klein reduction of some 
complete and internally consistent higher dimensional theory theory. 

In addition, we have found that the higher dimensional general covariance en- 
forces us a relation between the two electroweak gauge couplings, and the Higgs 
self-coupling. They are all determinants of a single parameter, the squashing param- 
eter of the internal three sphere. Furthermore, when we use the known low energy 
value 1/137 of the electromagnetic fine structure constant our approach predicts the 
value sin^ 9]y = 0.296 for the Weinberg angle. Potentially this value could be brought 
even closer to the observed value by inclusion of interactions, quantum effects and 
fermions, thus it may serve as an experimental test of the validity of our higher 
dimensional approach. 

An interesting peculiarity in our approach is the absence of a primordial Higgs 
field. The modulus of Higgs field resides in the conformal scale of the four dimen- 
sional metric and as such it has no direct role in the mass generation of the vector 
fields. Instead the intermediate vector bosons acquire their masses from a three brane 
that asymptotically coincides with the physical space-time but is locally allowed to 
fluctuate into higher dimensions. 

Except for the relation between the coupling constants that should eventually 
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become an experimental test between our approach and the standard electroweak 
theory, the phenomenological content of the present Kaluza-Klein based electroweak 
theory appears to be very similar to that of the conventional Weinberg-Salam model. 
But we also note that there could be subtle differences [33] that might become visible 
at the LHC experiments. In particular, the potential observation of additional neutral 
scalar particles at LHC besides the modulus of the Higgs could have an interpretation 
either in terms of the two non-conformal modes that describe the physical field degrees 
of freedom of our four dimensional Hilbert-Einstein action flll3p or in terms of the 
higher dimensional dilaton fields that are present if the higher dimensional generally 
covariant theory is interpreted literally in the conventional Kaluza-Klein sense. 
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